We consider forward inclusive production of several quarks in the high energy p-A collisions in the CGC formalism. For three particle production we provide a complete expression in terms of multipole scattering amplitudes on the nucleus and multi particle generalized TMD's of the proton. We then calculate all the terms that are not suppressed by the factor of the area in four particle production, and generalize this result up to terms of order 1/N 2 c for arbitrary number of produced particles. Our results include the contribution of quantum interference effects both in the final state radiation (HBT) and in the initial projectile wave function (Pauli blocking).
I. INTRODUCTION
The observation of ridge correlations in p-p and p-Pb collisions at LHC [1] [2] [3] [4] [5] provided strong impetus for study of correlations in particle production at high energy. Two main physical sources of such correlations have been advocated in recent years: strong collective effects due to final state interactions [6] , and initial state effects due to "quasi collectivity" -correlations inherited from the nontrivial correlated structure of the initial state [7] [8] [9] [10] [11] [12] [13] [14] . The origin of the initial state induced correlations has been better understood in the last couple of years. In addition to the "classical scattering effects" which collimate the emitted particles that scatter off correlated adjacent regions of the target [9, 10, 14] , an important (and in some circumstances leading) role is played by quantum interference effects. These last come in two varieties: the variant of partonic Hanbury-Brown, Twiss correlations [15] and quantum statistics effects in the incoming projectile wave function [16, 17] .
In our previous work [18] we have considered in detail inclusive production of two quarks, whether identical or nonidentical. We have explicitly identified the quantum interference contributions, and have shown that they produce a parametrically leading effect in production of fundamental quarks. We have also argued that this effect in gluon production is of the same order as other effects studied so far, and therefore cannot be neglected. The aim of the present paper is to extend this analysis to inclusive production of more than two fundamentally charged particles. The framework of our approach is identical to that in [18] . We use the extension of the hybrid formalism to include the multiple-parton-scattering (MPS) in the Color-Glass-Condensate (CGC) approach [19] . We will be working within a variant of the "hybrid" approximation [20] which is appropriate for forward particle production. In the hybrid CGC approach, we assume that the small-x gluon modes of the nucleus have a large occupation number so that the target nucleus can be described in terms of a classical color field. This should be a good approximation for large enough nucleus at high-energy. This color field emerges from the classical Yang-Mills equation with a source term provided by faster partons. The renormalization group equations which govern the separation between the soft and hard models are then given by the non-linear Jalilian-Marian, Iancu, McLerran, Weigert, Leonidov, Kovner (JIMWLK) [21] and Balitsky-Kovchegov (BK) [22] evolution equations. We further assume that the projectile proton is in the dilute regime and can be described in ordinary perturbative approach using parton picture like assumptions. This somewhat restricts the validity range of our approximation as discussed in [18] .
We also neglect processes where the quarks are produced from the splitting of scattered projectile gluons [23] . For n quark production this approximation is parametrically leading for projectiles which contain at least n valence quarks. Thus for n > 3 our calculation is more appropriate for a light nucleus projectile rather than a proton in the sense that for a proton projectile our results may get significant corrections. These corrections can be in principle straightforwardly calculated in perturbation theory, but we do not endeavor this calculation in the present paper.
The plan of the paper is as follows. In Section II we calculate in detail production of three quarks following the method of [18] and exhibit all the different contribution to the production: the ones due to quantum interference , a
Here we have dropped an irrelevant overall kinematic factor and have renamed the primed and unprimed momenta in the last equality for future convenience. We have also defined the three quark generalized parton distribution (3GTMD) as
Here the spin indexes are suppressed for simplicity of notation. We will restore the various factors of 1/2 which arise due to spin averaging in the final expressions. The fist term in Eq. (15) clearly contains the leading in N c term, which describes independent production of the three particles. The rest of the terms encode correlated production. The above expression together with Eq. (14) is as far as we can go without further simplifying assumptions about the projectile 3GTMD's and the multipole scattering amplitudes. As in [18] we will make some headway by using the properties of the scattering amplitudes as well as a simplifying approximation for 3GTMD's.
B. The multipole amplitudes
As we have discussed in [18] , the multipole scattering amplitudes have certain properties which allow us to separate different contributions to the production cross section in terms of terms suppressed and unsuppressed by a power of the area of the projectile. The calculation of the production cross section involves integration over the transverse coordinates of the produced particles, which are also coordinates of the multipole amplitudes. The largest contribution therefore comes from the region of the multiple integration space where as many legs of the multipole amplitudes are as far away from each other as possible. On the other hand, we have to remember that the target ensemble is color invariant, with the color invariance dynamically imposed on the transverse distance scales of order of the inverse saturation momentum of the target. In such an ensemble a multipole amplitude which has one coordinate very far way from all the others, vanishes due to color averaging. Thus in order for the scattering amplitudes not to vanish, the points have to be at least pairwise close to each other, so that the two legs in the pair are in a color singlet. The leading (area unsuppressed) term therefore comes from the configurations where the points are pairwise close to each other, but the pairs are far away from each other in the transverse plane. For the quadrupole amplitude it means that it is convenient to decompose it in the following way:
This decomposition is such thatQ(1, 1 ′ , 2, 2 ′ ) is only large when all points are close to each other, and thus should contribute to any cross section a term suppressed by a factor of the projectile area. This is not to say that this term is unimportant, but it certainly has different physics associated with it. Similar considerations apply to the sextupole. The convenient decomposition is
For simplicity of notation in Eq. (18) and in the rest of the paper we do not indicate the averaging over the target ensemble any longer, so that from now on one should understand D(x, y), Q(x, y, u, v) and so on as already averaged over the target ensemble 1 . This decomposition reproduces all the leading terms that arise when all possible pairs of points that can produce local color singlets in the amplitude are far away from each other. This refers to pairs in which one point is a quark and one is an antiquark corresponding to factors SS † . Whenever the adjacent points produce a factor of the type SS which carries a non vanishing triality, we neglect this contribution, since such averages have extra suppression in a color invariant ensemble. This decomposition has three types of terms. The pure dipole terms are the leading ones in terms of area dependence. The terms involving the reduced quadrupole, i.e.Q are suppressed by a single power of area, while we expect the termX to be suppressed by two powers of the area of the projectile.
C. How to deal with GTMD's
The 3GTMD's defined in Eq. (16) are slightly different objects than the ones we dealt with in [18] . Consider for example the simplest "diagonal" 3GTMD
where as before |P is the proton state with vanishing transverse momentum. For now we consider all quarks to be identical. We will use the same nucleon intermediate state dominance approximation as in [18] . The leading N c piece in this approximation is
Recall that due to momentum conservation (translational invariance of the target) p
The middle factor in Eq. (20) is not exactly a single particle GTMD, since the latter is a matrix element between two proton state where one of the protons has zero transverse momentum. We can of course boost the whole expression so that the transverse momentum of one of the protons vanishes. This boost leads to shift in the momenta of the quark operators and not just the momenta of the proton wave functions. However in the present paper instead we will use the approximation:
The logic here is the following. Throughout the calculation we have assumed that the momenta in the quark operators are relatively small, say of the order of several hundred Mev. This is also the typical order of magnitude of p ′ 1 − p 1 . Since the longitudinal momentum of the proton is assumed to be much larger, the transverse boost parameter needed to eliminate this transverse momentum of the proton state is very small, so that he transverse velocity involved in the boost is essentially non relativistic,
where M is the proton mass. Under the same transformation the quark momentum changes by mv ≪ p ′ 1 , since the current quark mass is small m ≪ M . Thus the change in the quark momentum is very small and we will neglect it in the following. 1 We note that Eq. (14) contains also terms of the form D(
. These terms in general do not reduce to the product of the averages, but the correction is small at large Nc, e.g.
, see e.g. the discussion in [18] . Since such terms in Eq. (14) are multiplied by negative powers of Nc, and we are only keeping terms of order 1/N 2 c in our final result, we will neglect these non factorizable contributions. The same comment applies to the averages of the type D(1, 1 ′ )D(2, 2 ′ )D(3, 3 ′ ) and the like. It should be remembered however that in order to calculate compete area non suppressed terms at order 1/N 3 c and higher, these contributions have to be included.
In the single nucleon dominance approximation we have
where
is a single quark GTMD. We have chosen to label the TMD by the momenta of the two quarks, rather than by one momentum and a momentum transfer as in [18] . In this equation we have suppressed the longitudinal momentum label of the GTMD, since the focus of this paper is the transverse momentum dependence . This is not to say that the longitudinal momentum transfer is unimportant for the structure of GTMD. It is however easily restored by simply promoting the transverse momenta to full three momenta of the operators and states involved.
We now need to understand the structure of the various 3GTMD's that appear in our master expression Eq. (15) given this single nucleon dominance approximation.The generic 3GTMD we are dealing with has the structure
To leading order in 1/N c for identical quarks we obviously have
For production of nonidentical quarks the expression Eq. (22) has to be modified along the lines of [18] . In particular the leading contribution is given by the product of possibly non diagonal matrix elements between distinct nucleon states:
with
where |P α and |P β are the nucleon states for which the particular matrix element in Eq. (26) does not vanish given the flavors of the quarks i and j.
For identical particles on the other hand we need to keep sub leading in 1/N c terms which are necessary to ensure the (anti)symmetry of the amplitudes. These terms lead to the Pauli blocking contribution discussed in [18] which is also of interest to us in the present paper. To that end we should remember that the original average which gives rise to this color contraction was antisymmetric with respect to interchanges of any two momenta plus color indexes. We started with
which is obviously antisymmetric under permutations. The leading N c expression Eq. (24) is equivalent to assuming
To make this consistent with the (anti)commutativity of the annihilation operators, we generalize it in the following natural way
Taking the appropriate trace we have
We will use this approximation to the 3GTMD in the rest of this section, and its natural generalization for nGTMD later in the paper. Clearly the most generic case is when some of the produced quarks are identical and some are not. This can be analyzed along similar lines by combining Eqs. (25) and (31) for appropriate quark flavors. In the rest of this paper we will not dwell on this case which is combinatorially more complicated. In fact in the following we will only consider the case when all the particles are identical. With a little extra work inferring the expression for the generic case from our results should be straightforward.
Finally we have to restore the effects of spin in our expressions. In the approximation of the dominance of the intermediate nucleon state the basic objects we have to deal with are polarization dependent GTMD's which depend on polarization of the quarks as well as the polarization of the proton states
This object can in principle be decomposed into irreducible representations with respect to the little group of the fast moving quark, which leads to the appearance of several polarized GTMD's. This would complicate our expressions considerably. Since our main interest here is the effect of quantum interference and not the effects of spin, we choose to use the same simplifying assumption as in [18] . Namely we will assume that the single particle spin averages over the proton state do not depend on the proton polarization and are dominated by the spin singlet average of the quark, i.e.
We do not have a physical argument why this should be a good approximation and will content ourselves with the consideration of simplicity.
To leading order in energy, the high energy scattering does not affect the spin of the propagating particle. Thus the polarization of a quark with momentum p ′ i in the conjugate amplitude is always the same as that of the same quark (with momentum p i ) in the amplitude. The cross section is traced over the polarizations of all quarks. The polarization indexes entering any GTMD can be identified following the momentum label of the two quarks. It therefore follows that every time we have an interchange of two quarks in our expression we lose a factor of 2 since we loose one trace over polarizations. Thus we should substitute in our expressions
D. Fourier transforms and notations
Since the expression for the cross section involves Fourier transforms, we define momentā
Since the coordinates x 1 , x 2 , x 3 appear in the conjugate amplitude while x (15)). To save a little bit of space we introduce concise notations for the projectile TMD's
As for the multipole scattering amplitudes, we will denote those similarly by
With a slight abuse of notations we will use the same symbols to denote the Fourier transform of the amplitude with coordinates being the momentap i andp ′ i defined above, i.e.
[1,
With these preliminaries we now write down Eq. (15) in an explicit form in terms of TMD's. We organize the terms in expansion in powers of 1/N c except for the overall normalization factor, which we keep exact. We only write here the terms up to O(1/N 2 c ) since at this order we first encounter the terms contributed by the sextupole X which are not present for the two quark case analyzed in [18] . Thus
where the factors 1/2 in I 1 and 1/4 in two of the terms in I 2 are due to polarization averaging, as discussed above.
The most interesting terms in this expression are the ones that are not suppressed by the area, namely those that involve only product of dipoles. We assume that the average of a product of two or more dipoles factorizes into the product of averages in accordance with our earlier discussion. Assuming translational invariance of the target we have In general
Realizing the momentum delta functions we can therefore write the terms that involve only dipole contributions as (we now expand also the normalization factor in 1/N c )
It is straightforward to write out the complete expression to all orders in 1/N c , but we will not do it explicitly in this paper.
III. INCLUSIVE MULTIPLE QUARK PRODUCTION
Our next goal is to extend the calculation to inclusive production of an arbitrary number of quarks. The calculation albeit straightforward, is combinatorially rather complicated. We therefore will not endeavor to derive complete expression including all possible multipole contributions. It is however not too difficult to derive the most interesting terms , i.e. those that are not suppressed by powers of area and which dominate the physics of quantum interference. Those are the terms where all multipoles can be approximated by products of dipoles in analogy with in Eqs. (17, 18) . We will perform the explicit calculation for the production of four quarks, and then generalize the result in a straightforward way.
A. Four quark production
For production of four quarks our starting point is the following expression foe the cross section (where we have omitted trivial kinematic factors)
now we are only interested in the dipole contributions, we can directly factorize the target average using pairwise contractions
These pairwise contractions generate 24 terms: 
The signs in this expression arise from the reordering of the fermionic operators in the definition of TMD's so that each TMD is a product of color singlets, i.e
Clearly to leading order in 1/N c we have
Adhering to this approximation we will correctly account for the HBT-like terms, but will not take into account the terms due to Fermi statistics effects in the initial wave function -the Pauli blocking.
B. The Pauli Blocking contribution
To include the Pauli blocking terms we have to antisymmetrize the proton wave function. We will use the same approximation as for three quark production. We write in coordinate space
Finally, just like for three quark production to account for the spin we need to introduce a factor of 1/2 n for every permutation of indexes (i
′ where n is the number of index permutations necessary to obtain it from the trivial permutation (1, 2, 3, 4) .
We can now organize all terms in orders of 1/N . The resulting expression is fairly long and we do not write it out out exhaustively in the text. Instead we present it in Appendix B for reference. In the same appendix we give the expression for the cross section transformed to Fourier space. Our main goal is to extend these expressions to an arbitrary number of particles. Thankfully this can be done essentially by inspection.
C. Generalizing to arbitrary number of produced particles
We start with writing Eq. (45) is a suggestive form. Obviously the expression is a sum over all permutations of the four coordinates i ′ , j ′ , k ′ , l ′ . let us introduce the following notations: P ij denotes a permutation of the four coordinates in which only the i'th and j'th coordinates are interchanged, P ijk -a permutation where the three coordinates are interchanged with each other without leaving any one in its place, P ij;kl -permutation where the coordinates are interchanged within two pairs, etc. Accordingly P (k) ij etc means the k'th number in the appropriate permutation. We can then write directly the generalization of Eq. (45) to n particle production:
[a, P (a) ij ]T n P (1)ij ...P (n)ij
[a, P (a) ij;k ]T n P (1) ij;kl ...P (n) ij;kl
Here
{b, b},
{b, P (b) ij },
And finally the generalization of the expression in momentum space Eq. (B3) is
{i,j}
Here {i, j} is a pair of indexes, and {i, j, l} is an ordered triplet of indexes, such that for example {1, 2, 3} is considered distinct from {2, 1, 3} and from {2, 3, 1}. The meaning of the various terms in Eq. (52) is quite clear. All terms that involve TMD's that depend on the final state momentaq i arise from the HBT -like contributions of the final state particles. On the other hand any TMD of the form {p i , p j } with i = j appears due the Pauli blocking effects in the projectile wave function. It is thus clear how this result is modified if not all the quarks are identical. In this case any term that has a factor {p i , p j } where i and j refer to nonidentical quarks, should be dropped. Also any TMD of the form {p i , p i + q j − q i } with i and j corresponding to nonidentical quarks should be replaced by T αβ defined in Eq. (26) with |P α and |P β allowed by flavor conservation.
IV. DISCUSSION
In this paper we have derived formal expressions for multi quark inclusive production, keeping only terms that are not suppressed by factors of area. Our main motivation was to explore how the effects of quantum interference affect multi particle production beyond the two particle correlations effects present already for inclusive production of two particles. Although our final expressions are fairly lengthy, the main properties of the cross section can be inferred without numerical calculations. In this section we would like to discuss these qualitative features.
We first concentrate on the three particle production Eq. (41), since to order 1/N 2 c no qualitatively new features appear in multiple quark production. The leading term I 0 clearly describes independent production of the three quarks. The next term I 1 is essentially the same as in the two particle production considered in [18] . Here one particle is produced independently, while the other two are correlated via either the HBT effect or the Pauli blocking effect in the initial wave function. It is easy to distinguish between the "HBT" and "Pauli blocking" terms. The former involve GTMD's with momentum transfer corresponding to momentum differences of final state particles q i − q j , while the latter -the incoming parton momenta p i − p j . As in [18] we can use a simplified form of the GTMD in order to understand the qualitative features of the correlation. We take
Here T (q) is the TMD and the form factorF suppresses momentum transfer larger than some soft hadronic scale Λ, which naturally has the meaning of the inverse radius of the proton. Thus the various HBT terms in I 1 suppress particle production when momenta of any two particles are within the distance Λ of each other. There is also suppression of production from incoming particles with similar momenta due to the Pauli blocking effect. This effect is different in the sense that as a result of the interaction with the target the incoming momenta are smeared by the amount of the order of the saturation momentum of the target Q s . Thus the width of the trough in correlation of the produced momentum is of order Q s and not Λ as in the case of HBT. One should keep in mind this significant difference between the HBT induced and the Pauli bocking induced correlations [16] . The HBT correlations are due to interference of the signals emitted by incoherent emitters from the surface of the proton right after scattering, see for example discussion in [16] . The width of the HBT correlated signal in momentum space is determined by the inverse size of the proton and is approximately independent of the momentum of produced particles. It is thus present at large transverse momenta q i . The value of the saturation momentum of the target place a secondary role as long as it is large enough. However for small Q s the magnitude of the HBT signal must be suppressed, since in this case the number of uncorrelated emitters is small.
On the other hand the Pauli blocking directly correlates momenta of partons in the proton wave function. The momenta transferred from the target to the two partons are not correlated. If Q s of the target is greater than the average transverse momentum of the incoming partons we expect the correlations present in the initial wave function to be washed away by the scattering. In this regime we thus expect the Pauli blocking terms to contribute to the isotropic "pedestal" but not to angularly correlated signal. This property in fact can be explicitly seen from our formulae. Consider for example one of the Pauli blocking terms in Eq. (41)
For large transverse momenta, which are much larger than possible intrinsic momenta in the proton wave function q i ≫ p i , one can neglect the transverse momenta p i in the argument of the dipole amplitudes D(q i − p i ). We then get
This clearly does not induce any angular correlations between the produced particles, although it does gives a negative isotropic contribution to the inclusive three particle production. On the other hand if Q s is smaller than the intrinsic transverse momentum of the projectile, the Pauli blocking correlations should be directly observed as angular correlations in the emission.
Thus for an asymmetric collision, like p-A we expect the HBT signal to dominate at large q i for emission in the direction of the dilute object (proton), while the Pauli blocking signal to dominate in the direction of the nucleus. It is possible that at mid rapidity both contributions are comparable. One has to keep in mind though that our present framework is quantitatively correct only for the forward production in the proton direction and thus a discussion of correlations at mid rapidity is strictly speaking outside the scope of the present paper.
The terms contained in I 1 contribute to correlations between two particles only, while the third particle in any of these terms is emitted independently. These terms do not contribute to three particle collectivity measures, such as v 3 2 since the emission angle of one of the particles is isotropic with respect to the other two. In this respect the first interesting term is I 2 . It is thus interesting to understand what kind of three particle correlation it induces. First off we note that all the terms in I 2 are positive. Therefore they lead to partial compensation of the negative correlation due to "pairwise" HBT and Pauli blocking. There are three types of terms in I 2 . The first type is
This is a kind of "unitarization" correction to pairwise Pauli blocking. We interpret it as an indication that I 1 "over subtracts" the Pauli blocking contribution in the regime when all three quarks in the proton wave function have equal momenta. The positive contribution from I 2 rectifies this "over subtraction". The second type of term is proportional to
This is a "mixed" HBT-Pauli blocking correction. The magnitude of this term is maximal when q 3 = q 1 = q 2 and p 2 = p 3 . Interestingly, although this term clearly requires particles 2 and 3 to be identical, it does contribute to angular correlations even if we neglect the p dependence of the dipole amplitudes.
Finally the last type of terms is exemplified by
This again has a simple interpretation as a "unitarization correction". This time the correction is to the pairwise HBT interference term.
For production of more than 3 quarks, the only difference is that at order 1/N 2 c one also has terms that correlate two pairs of quarks, again by either HBT or PB mechanisms. In fact he pattern is quite clear and one can straightforwardly generalize Eq. (52) to higher order terms in 1/N c .
We note, that in the imaginary world where the quarks were scalar particles, the calculation would have been almost identical. The only difference (except for the absence of the factors of 1/2 that appeared due to spin averaging) is that all the interference terms would be positive. Thus not only the interference effects would enhance rather than deplete the "same side" particle emission, the higher order in 1/N c terms would add to the effect rather than suppress it.
Another point worth mentioning is that although we formally expand in powers of 1/N c , this expansion quickly becomes unreliable for large number of produced particles n. Even if we count only the "HBT" type terms, it is clear from Eq. (52) that J 1 is a sum of n(n−1) 2 ∼ O(n 2 ) such terms, while J 2 is a sum of n(n−1)(n−2)(n−3) 4 + n(n−1)(n−2) 3! ∼ O(n 4 ) terms. Already at n ∼ √ N c the number of terms in all J m compensates for the suppression factor 1/N m c . Thus one has to study the unexpanded expression rather than fixed order in 1/N c . Since the terms in the series have alternating signs it would be interesting to see what is the nett effect at large n. Again we note that for scalar quarks where all the terms are positive, the effect at large n is positive and can be very large.
Finally we iterate that our result for n = 3 is complete, while for multiple production (n > 3) it collect only the terms which are not suppressed by powers of area. In the parlance of ref. [25] those are terms leading in the number of sources. These terms are responsible for the quantum interference effects. The recent impressive calculation of two quark production [27] within the MV model [28] does not include these terms. The starting point of [27] is the expression for the two particle production given as the target average of product of two dipoles. This target average is then carefully calculated within the MV model including non factorisable 1/N 2 c suppressed terms terms. This corresponds to a careful target averaging of our term I 0 . The corrections that ref. [27] takes into account therefore is what we have called classical terms which arise from the part of the phase space when more than two points in the product of two dipoles are within the distance of 1/Q s . As noted in [18] such terms are suppressed by at least the factor of 1/N 2 c , and are therefore sub leading relative to I 1 and are of the same order as I 2 . Clearly a calculation of particle correlations within the CGC approach is incomplete without including the quantum interference terms.
Appendix A: The coefficient functions
Using the decomposition of the multipoles in terms of the localized amplitudes we can rewrite the coefficient functions defined in Section II. To do that first of all we introduce a concise notation:
With this we can write
